Abstract. For a sequence of immersed connected closed Hamiltonian stationary Lagrangian submaniolds in C n with uniform bounds on their volumes and the total extrinsic curvatures, we prove that a subsequence converges either to a point or to a Hamiltonian stationary Lagrangian n-varifold locally uniformly in C k for any nonnegative integer k away from a finite set of points, and the limit is Hamiltonian stationary in C n . We also obtain a theorem on extending Hamiltonian stationary Lagrangian submanifolds L across a compact set N of Hausdorff codimension at least 2 that is locally noncollapsing in volumes matching its Hausdorff dimension, provided the mean curvature of L is in L n and a condition on local volume of L near N is satisfied.
Introduction
Compactness of stationary points of the volume functional, possibly under various constraints, is useful in studying existence and regularity of the critical points and their moduli space. For compactness of minimal surfaces, Choi-Schoen demonstrated in their well-known work [CS85] that Simons' identity for the Laplacian of the second fundamental form [S68] can be used to derive curvature estimates when the total extrinsic curvature over a ball is small and then obtained higher order curvature estimates. This influential technique now becomes standard when the Euler-Lagrange equation of the volume related variational problem is of second order.
Hamiltonian stationary Lagrangian submanifolds in C n are critical points of the volume functional under Hamiltonian variations X = JD f for any compactly supported smooth function f on C n [Oh93] . Any smooth Lagrangian submanifold in C n can be locally defined by a graph over a region Ω in a Lagrangian tangent plane, in the form is constant, then the Lagrangian submanifold is volume minimizing among all submanifolds in the same homology class, as shown in [HL82] . If the phase θ is harmonic on Γ u , that is,
where ∆ g is the Laplace-Beltrami operator on Γ u for the induced metric g, then Γ u is Hamiltonian stationary, and vice versa (cf. [Oh93] , [SW03, Proposition 2.2]). Equation (1.2) is a fourth order nonlinear elliptic equation for the potential function u. An important feature of the fourth order operator is its decomposition into two second order elliptic operators, and this is the basis for
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our curvature estimate and smoothness estimates, as already used in our regularity theory on Hamiltonian stationary Lagrangian submanifolds [CW16] .
In this paper, we prove a compactness result for closed immersed Hamiltonian stationary Lagrangian submanifolds of C n with uniform bound on volume and total extrinsic curvature, namely, the L n -norm of the second fundamental form. For any sequence of such submanifolds, we show that a subsequence converges, locally uniformly in every C k -norm away from a finite set of points, to an integral varifold which is Hamiltonian stationary in an appropriate sense. So we can compactify the space of these submanifolds by including Hamiltonian stationary integral n-varifolds with only point singularities (immersed elsewhere) and the number of the singular points bounded by a constant depending only on the upper bound of the total extrinsic curvature. It is possible that the sequence converges to a point, such as shrinking circles in the plane. This can be excluded by scaling volume to one, while the total extrinsic curvature and being Hamiltonian stationary Lagrangian are both scaling invariant, although the Hamiltonian isotopy classes may change. 
Then L i ⊂ B R 0 (0) ⊂ R 2n for some R 0 (n, C 1 , C 2 ). (R  2n ) . Also, L is connected.
Moreover, there exists a subsequence of {L i } that either converges to a point, or converges to a Hamiltonian stationary Lagrangian varifold on
We also obtain an extendibility result in Theorem 4.1 which asserts that a properly immersed Lagrangian submanifold L that is Hamiltonian stationary in C n \N (i.e. for Hamiltonian vector fields supported away from N) is Hamiltonian stationary in C n (i.e. for all compactly supported Hamiltonian vector fields), provided N is a compact set with finite k-dimensional Hausdorff measure which is locally k-noncollapsing, k ≤ n − 2, and the volume of L ∩ B r (x) for x ∈ N is dominated by a power of r involving n, k. Local control on volume is important for extension problems; our consideration is inspired by those for extending minimal varieties (general dimension and codimension) across small closed sets in [HL75, Theorem 5.1, 5.2], also see [CL17] . A special case of Theorem 4.1, namely, when N is a finite set of points, is used in concluding the limiting varifold in Theorem 1.1 is Hamiltonian stationary in C n . A removable singularity theorem for Hamiltonian stationary Lagrangian graphs was proven in [CW16] under a weaker assumption.
There are two natural ways to give an immersed submanifold a varifold structure. Denoting by H k the k-dimensional Hausdorff measure, any H k -measurable and rectifiable subset of R 2n is associated with a varifold naturally [Pit81, p. 61], by restricting the H k measure to each approximate tangent space. This takes into consideration only the point set of the image. Meanwhile, the image of an immersion ι : M k → R 2n is also associated naturally to a varifold by pushing forward the pulled-back H k measure. These two definitions differ only if the immersion fails to be injective on non-negligible set. Here we take our sequence {L i } to be smooth immersions, which puts us in the latter setting. This latter definition may be more natural when studying sequences, flows or moduli spaces of submanifolds, as it has the feature that the limit does not lose mass as a varifold, so the weak convergence in the varifold topology is faithful to the convergence in other natural topologies (for example L 2 or W 1,2 induced length-metric, see [Riv17, Section II] ) that one may place on a space of differentiable submanifolds. However, due to the analyticity of solutions to (1.2), we find (Proposition 2.7) that any Hamiltonian stationary immersion from a compact connected manifold can be passed to a quotient such that the two varifold definitions agree. While this reduction is always possible for smoothly immersed Hamiltonian stationary Lagrangian submanifolds, we cannot rule out that the limiting object may have different multiplicities at different points. Theorem 1.1 is to be interpreted with this in mind, see Definition 2.3.
It is illustrative to consider the 1-dimensional case. It is known that a smooth curve in C is always Lagrangian and its Lagrangian phase function is harmonic if and only if it is part of a straight line or a circle. We address the codimension condition in our extension result and regularity on the immersion for the compactness from a viewpoint based on the first variation of 1-varifolds:
(1) If ι : M 1 → C is a Hamiltonian stationary immersion where M 1 is compact, then its image ι(M 1 ) is a circle. The radius is uniformly bounded above from the length bound, although not below. Thus, it is easy to see that Theorem 1.1 is true for n = 1. (2) Let γ be the union of the rays γ i = t η i where η i are unit linearly independent vectors in R 2 , i = 1, ..., ℓ. Assign a multiplicity m i ∈ N to γ i . So (γ, µ) is a 1-varifold for the measure µ = ℓ i=1 m i dµ i where dµ i is the Euclidean length element of γ i . The first variation of γ is given by
. In general the first variation cannot be zero for arbitrary f , hence γ is not Hamiltonian stationary, unless a balancing condition ℓ i=1 m i η i = 0 is prescribed. Two points to make: first, the codimension requirement in Theorem 4.1 cannot be removed, i.e. we cannot expect to extend solutions across a codimension one set in general. Second, a generic polygonal curve is Hamiltonian stationary in C\{vertices} but not Hamiltonian stationary in C, enhancing our first point; and the lack of C 1,1
control on the potential function shows that the immersions in Theorem 1.1 need to be at least C 1 in order to appeal to the regularity theory in [CW16] , which plays a crucial role in the current paper. (3) While the map ι : S 1 → C given by ι(z) = z provides an obvious immersion, there are many more: any map z → z m , for m a positive integer gives a Hamiltonian stationary immersion, with the varifold a multiple of the varifold defined by ι. We show that while all such maps define Hamiltonian stationary varifolds (Proposition 2.5), the varifolds can be represented by a "canonical" immersion; see Proposition 2.7. (4) Consider M 1 = S 1 ⊔ S 1 and a sequence of immersions ι k : M 1 → C such that the image is a pair of concentric circles with radii 1 and 1 + 1 k . The limiting object in the varifold topology will be a double copy of the unit circle, in particular will have measure 2H
1 . If we "forget" the limiting immersion and consider only the point set, the object will not be the limit in the varifold topology. While we avoid discussing disconnected source manifolds in the current paper, this example suggests the weighted definition of varifolds is more flexible in a broad setting.
We now outline the structure of the paper:
In section 2, we set up basic framework for dealing with properly immersed Hamiltonian stationary Lagrangian submanifolds. In particular, for a proper Lagrangian immersion ι : M → C n , we show equivalence of L = ι(M) being Hamiltonian stationary (seemingly weaker due to non-embedded points) and the local embedding being Hamiltonian stationary. This leads to the definition of Hamiltonian stationary varifolds which fits naturally in convergence of a sequence of immersed ones. An immersed Hamiltonian stationary Lagrangian submanifold defines a varifold in a natural way, and these objects are compact in the space of varifolds. In later sections we show this compactness is strong enough to retain the Hamiltonian stationary Lagrangian property. We show in Proposition 2.7 that if a point set L is the image of any differentiable Hamiltonian stationary immersion from a connected closed manifold M, then there is a canonical choice of manifoldM and immersionι :M → C n such thatι(M) = L with a varifold structure such that the measure associated to L will generically be the n-dimensional Hausdorff measure H n . This structure result relies heavily on analytic continuation arguments in Proposition 2.5 that follow from results in [CW16] .
In section 3, we derive curvature and smoothness estimates. For the Hamiltonian stationary system we must work around the lack of some important tools available in the minimal submanifold setting. While an approximate monotonicity formula (for contact stationary surfaces) has been shown ([SW01, Section 3]), this formula is considerably more complicated to derive and less potent to apply than the corresponding formula often used in the minimal surface case, which we clearly do not have. Simons' identity ( [S68] ) plays an important role for minimal submanifolds in deriving higher order estimates in terms of the second fundamental form A and in proving the ε-regularity (cf. [CS85] , [And86] ). However, such a useful technique is not available for the Hamiltonian stationary case; terms arising from ∇ 2 H in ∆ g |A| 2 are not reduced to lower order terms of A. Instead, we use a priori estimates for the potential function u by viewing (1.2) as a second order elliptic operator ∆ g acting on the fully nonlinear second order elliptic operator θ as in [CW16] . All this relies on, in an essential way, writing θ as the summation of the arctangents as in (1.1). In a general Calabi-Yau manifold (M, ω, J, Ω) other than C n , the Lagrangian phase θ need not admit such an expression even as a leading term, when writing the Lagrangian submanifold locally as a gradient graph over its (Lagrangian) tangent space in the Darboux coordinates. The real part of the nowhere vanishing holomorphic n-form Ω that defines θ as a calibrating n-form does not necessarily take a simple form in the Darboux coordinate system.
In section 4, we show in Theorem 4.1 that a Hamiltonian stationary Lagrangian submanifold away from a small set with Hausdorff codimension at least 2, but locally non-collapsing in volume according to its Hausdorff dimension, extends across the set as a Hamiltonian stationary varifold provided its mean curvature H is in L n and a volume condition near the small set is satisfied. This volume condition follows directly from the monotonicity formula if H = 0, and it is also valid if the set is of isolated points and n ≥ 2, see Proposition 4.4.
In section 5, we prove Theorem 1.1. The structure of the convergence part in the proof is similar to that in [CS85] and [And86] . To show the limit is Hamiltonian stationary, we invoke our extension result Theorem 4.1.
Hamiltonian stationary immersions
In this section we set up the basic framework for dealing with compact smooth Lagrangian Hamiltonian stationary immersions.
We will need to deal with immersed submanifolds that may be non-embedded, so we define the following.
Definition 2.1. Let L be an immersed submanifold, given by ι : M n → R 2n .
Given any connected open set U ⊂ R 2n , decompose the inverse image into connected components as
If ι restricted to each E i is a smooth embedding into R 2n , then we say that each
is an embedded connected component of U ∩ L and that ι splits into embedded components on U. 
Clearly, S k+1 ⊂ S k . If there exists x in all S k then ι(x) = y. So x ∈ {x 1 , ..., x m }, but this violates the definition of S k . Thus there is some k 0 such that
and this implies
and then
We finish the proof by showing that ι(B(
r (y) is connected for all r ≥ r i for some positive r i and then taking the smallest r i , i = 1, ..., m. Represent ι(B(x i )) locally as a graph of a vector valued function F : B n ρ (0) ⊂ R n → R n , where we identify T y ι(B(x i )) with R n and y with 0; we further assume
ρ (y) that is not on the connected component containing y. On the ray σ(t) = tx p /|x p | from 0 to x p in B n ρ (0) where p = (x p , F(x p )), there must be two distinct points σ(t 1 ), σ(t 2 ) with ρ
such that t 1 is the last departing time for ι(B(x i )) to leave B 2n ρ (y) and t 2 is the first returning time. Thus, for the smooth function
Since σ ′ (t 0 ) is a unit vector, we have ρ
But this becomes impossible for small ρ since C ρ = DF L ∞ (B ρ (0)) → 0, and we have a contradiction. We conclude ι(B(
ρ (y) must be connected. Definition 2.3. Let V be an integral rectifiable k-varifold on an open subset U of C n with generalized mean curvature H. We say V is Hamiltonian stationary in U if (2.1) 
and its mean curvature vector satisfies H i = J∇θ i where J is the complex structure on C n (cf. [HL82] ) and dµ g i is the volume form of the induced metric g i on Σ i by the Euclidean metric on R 2n . We divide the point set L into two pieces. We say a point y ∈ L is an embedded point if there is an open set W in R 2n containing y so that the point set L ∩ W is an embedded submanifold in R 2n and let E be the set of all embedded points of L. We show first that (1.2) holds on E, and then argue that for each
For any y ∈ E, L∩ B 2n r (y) is an embedded submanifold for some r > 0, and by Proposition 2.2, there exists a sufficiently small ball B
(y)) is a finite disjoint union of E 1 , ..., E m(y) , and ι| E i is an embedding with (2.2)
(y). Pulling back the Euclidean metric on R 2n and the n-form dz 1 ∧ · · · ∧ dz n by ι, we see that E i , E j are isometric in their induced metrics, and the Lagrangian angles θ ι are the same, since ι|
which is a well-defined function and smooth on L and can be extended to a function
and the harmonicity of (θ
Next, we show that E ∩ Σ i is dense in Σ i . First, we consider two embedded connected components Σ i and Σ j (if there is only one, we are done), and let E i j be the set 
For each j there is a neighborhood U i j of y so that Σ i ∩ U i j is an embedded submanifold, then Σ i ∩ j U i j is embedded since there are only finitely many j, thus y ∈ E ∩ Σ i . The other direction is obvious. Combining the above, we see that (1.2) holds on the dense set E ∩ Σ i . Because ∆θ ι is a smooth function on Σ i we conclude that (1.2) holds on Σ i .
Next, to show the converse, let {B α } be a countable collection of open balls in R 2n such that {B α } covers L and ι splits into embedded connected components on each B α . Denote the components Σ i,α , that is, let ι E i,α = Σ i,α and let g be the metric on E i,α such that ι is an isometry from E i,α to the induced metric on Σ i,α , which we denote g i,α . Let {ϕ α } be a partition of unity subordinate to the open cover
Therefore L is Hamiltonian stationary as θ • ι is harmonic on each E i,α , and the restriction of
). This proves (1). Suppose that Σ 1 ∩ Σ 2 contains a nonempty connected set W 0 that is open with respect to the topology on both Σ 1 and Σ 2 . Let W be the union of all connected subsets of Σ 1 ∩ Σ 2 that are open in both Σ 1 and Σ 2 and that contain W 0 . We claim that W = Σ 1 = Σ 2 . Let ∂W := W\W ∅, and consider two cases.
Case 1:
So there is a neighborhood of p in Σ 1 not intersecting W, and we conclude that
Case 2: ∂W ∩ Σ 1 ∅ and ∂W ∩ Σ 2 ∅. Let q ∈ ∂W ∩ Σ 1 . There is a sequence q k ∈ W → q. As W ⊆ Σ 2 and Σ 1 ∩ ∂Σ 2 = ∅ we have q ∈ Σ 2 , so q ∈ Σ 1 ∩ Σ 2 ∩ ∂W. Write Σ 1 , Σ 2 locally over their common tangent space T q at q as graphs of Du 1 , Du 2 for some smooth functions u 1 , u 2 on some ball B r (q) in T q , with u 1 (q) = u 2 (q) and Du 1 (q) = Du 2 (q) = 0. By maximality of W, Σ 1 , Σ 2 coincide over B r (q) ∩ W and are distinct on B r (q)\W for all small r. Thus we can arrange u 1 = u 2 on B r (q) ∩ W and Du 1 (x k ) Du 2 (x k ) for a sequence of x k ∈ B r (q)\W → q. However, as solutions to (1.2), both u 1 , u 2 are analytic, by [Mor58, p. 203 ]. Thus, u 1 = u 2 on B r (q) as they agree on B r (q) ∩ W. We have a contradiction, leaving us with the conclusion in Case 1, that
there is an open dense subset of points from M on which ι is injective.
Equivalently, the proper immersion ι is reduced if the varifold structure defined on the point set ι(M) with the Hausdorff measure agrees with the varifold structure defined by pushing forward the induced volume measure.
Proposition 2.7. Suppose that L is a compact immersed Hamiltonian stationary Lagrangian submanifold in C
n . There is a smooth manifoldM n , unique up to diffeomorphism, such thatι :
In general, the function y → # ι −1 (y) is upper semicontinuous on C n whenever ι is a proper immersion. It follows that m is upper semicontinuous on M.
Let
and
By upper semicontinuity, we see that O 1 is open. Next we claim that O 1 is dense. Suppose that O c 1 has nontrivial interior V, and let x 1 ∈ ∂V. As a boundary point, every neighborhood of x 1 intersects both {m(x) > m 1 } and {m(x) = m 1 } and by upper semicontinuity, we have that that m(x 1 ) > m 1 . By Proposition 2.2 there is a neighborhood U of ι(x 1 ) that splits into exactly m(x 1 ) embedded connected components; let E 1 ⊂ M be the one containing x 1 and label the others E 2 , ..., E m(x 1 ) . Now every open set containing x 1 intersects V, thus V ∩ E 1 is an non-empty open subset of E 1 on which m ≥ m 1 + 1. In particular, for all x ∈ V ∩ E 1 there is some subset α (x) ⊂ {2, ..., m(x 0 )} with |α (x)| = m 1 such that
which is a finite union of closed sets. Applying the Baire category theorem, we conclude that there is a set of at least m 1 components that intersect not only each other but also ι(E 1 ) in an open set. By Proposition 2.5 (2), we conclude these components must coincide on all of U, in particular, we have m(x) ≥ m 1 + 1 in a neighborhood of x 1 , contradicting our assumption that (2) There exists a neighborhood U x of x and a neighborhood U y of y in M such that
and both are embedded connected components. Clearly, ∼ is reflexive, symmetric, and transitive (using intersections of open sets), so defines a quotient map, and there is a unique quotient topology onM . By definition, the neighborhoods
As ι is immersive, there exist neighborhhoods U x 1 , U x 2 of x 1 , x 2 in M respectively such that the restriction of ι on each neighborhood is diffeomorphic onto its image and is an embedding into R 2n . Furthermore, we may assume ι(U x 1 ) = ι(U x 2 ) by taking ι|
, andι is injective on the open dense setι −1 (ι(O 1 )) inM. Thus,ι is reduced. Finally, we argue that the smooth structure and topology are unique. Let ι : M → C n be any reduced Hamiltonian stationary immersion defining L. Take an open cover (with respect to C ntopology) of balls around points in L on which L splits into embedded connected components, and choose a finite cover, say N of such balls, B r 1 (y 1 )..., ...
where m j is the number of connected components associated to B r j (y j ). Now, let ι ′ : M ′ → C n be another reduced immersion, which determines the same set L. We can choose the same set of balls B r i (y i ) in the same order, and define the E ′ j,k ⊂ M ′ with the same choice of decomposition into embedded connected components, noting that the decomposition is determined by Proposition 2.5 (2) together with the fact we have chosen the immersion to be reduced: Each component is unique, so there can be no discrepancy. Consider the map
Now each x is contained in at least one E j,k , as ι and ι ′−1 | Σ j,k are smooth, the map is clearly smooth, provided it is not multiply defined, so we must show that it is well-defined. Suppose that x ∈ E j,k ∩E j * ,k * . If ι(x) is contained in a set U where ι ′−1 is well-defined, uniqueness of the definition is clear: ι and ι ′−1 are both well-defined, so F(x) is defined regardless of which set we choose : E j,k or E j * ,k * . Now if m(x) > 1, we may use smooth continuation at x, noting that F(x) is well-defined at points in any neighborhood of x. In particular, we have smooth maps
that are smooth individually and agree on an open dense set near x. They must then agree completely on their common domain of definition. Thus F(x) is well-defined. A smooth inverse can easily be constructed in the same way, so we conclude that F is a diffeomorphism.
3. Curvature and higher order estimates 3.1. Graphical representation of Lagrangian submanifolds. We begin with rephrasing, for Lagrangian submanifolds, a well known fact about local graphical representation of embedded submanifolds, that gives a precise lower bound, in terms of the length of the second fundamental form, on the size of a ball in the tangent space over which the Lagrangian submanifold is a graph of the gradient of a potential function with uniform Hessian bound. The bounds are written in a convenient form for the rotation argument in the proof of Proposition 3.2. 
when D 2 u is diagonalized. For any i,
This proves the claim. Next, let v be any unit vector in T 0 Σ and let γ v (s) = (sv, Du(sv)) for s ∈ [0, σ). Integrating along γ v and using the claim, we see that the maximum value of arctan λ i satisfies
using l(γ v ) to denote the length of the curve. Thus the maximum slope of γ v (precisely, each planar curve (sv, u i (sv)), i = 1, ..., n) satisfies
Integrating,
). So if we choose
cos π 12 and hence by the slope bound (3.3), using that v can point to any direction and that L is connected with no boundary points, we have estimates apply to the Lagrangian potential and then the bootstrapping procedure in [CW16] leads to higher order estimates on a ball of uniform radius. 
over thex-plane represents the same piece of Σ. It follows that all of the eigenvalues now satisfy
Thus the Lagrangian phase operator
is uniformly concave on this region of Hessian space. We also know that the Jacobian of the rotation map (cf. [CW16, 4.4] ) is bounded below by
Thus the rotation of coordinates x →x must give us a radius (3.9)r 0 = 1 − 4 sin 2 π 12 r 0 such that submanifold is graphical over a ball of radiusr 0 , for a new potentialū representing the gradient graph over the plane U π/6 (T 0 Σ). Now the Lagrangian phase operator (3.7) extends to a global (on Hessian space) concave uniformly elliptic operatorF (cf. [CW16, Section 5]) which agrees with F on the following region of the Hessian space:
In particular
A rescaling ofū givesv :v
(r 0x ) which is still a solution of the Hamiltonian stationary equation, since (1.2) only involves the second order derivatives ofū which are invariant under the rescaling, but now on the ball of radius 1. Note that the range of the Hessian (3.6) does not change under rescaling, in particular, ifθ is the rescaledθθ (x) =θ (r 0x ) thenθ satisfies a uniformly elliptic equation, with ellipticity constants
according to (3.6). Thus, by the De Giorgi-Nash-Moser theory, there is a universal interior Hölder bound onθ:
noting thatθ is bounded also by (3.6). Now we can apply [CC03, Theorem 1.2] to obtain
We were assuming that Du(0) = 0, u (0) = 0 so that with (3.2) we have
2 which leads to, by using (3.5),
We conclude that
for some universal trigonometric constant C T . Noting that bound (3.9) bounds the ratio between r 0 andr 0 we see that we have a universal bound (depending only on α).
Now that the Hölder norm of D 2v is uniformly bounded, we may apply the bootstrapping theory [CW16, Section 5] to obtain
Now we may scale back toū and get that
Choosing r 1 =r 0 /8 and recalling (3.9) and (3.1) gives us the result.
3.3. Curvature estimates with small total extrinsic curvature. The next result establishes the key pointwise curvature estimates of a Hamiltonian stationary submanifold under the assumption that the total extrinsic curvature A L n is small. This is an analogue to results on minimal surfaces, harmonic maps and prescribed mean curvature hypersurfaces (cf. [CS85] , [And86] , [SU82] , [Sh17] , [ZZ18] ). The main difference here from the minimal surfaces case is the lack a useful Simons' type inequality in the Hamiltonian stationary case. The C 4,α estimate for the scalar potential function u allows us to carry through an argument similar to that in [CS85] . Proof. Without loss of generality let r 0 = 1. We will deduce the general case by rescaling at the end. Consider the nonnegative function (1 − |x|) 2 |A(x)| 2 . This function attains its maximum somewhere inside B 1 (0), say at x 0 . We assume the maximum is positive, otherwise the result is trivial. Thus
(
Rescaling the graph over the ball B 1−|x 0 | 2 (x 0 ) by |A(x 0 )|, we get a Hamiltonian stationary manifold on a ball of radius
such that the second fundamental formÃ satisfies |Ã(0)| = 1 and |Ã| ≤ 4.
First, we suppose that (this will be contradicted) R 0 > π 48 and
We have a Hamiltonian stationary Lagrangian submanifold on a ball of radius π 48
with |Ã| ≤ 4. It follows that there is an interior ball of radius r 1 (4) (from Lemma 3.2) such that L is represented as the gradient graph of a function with
In particular, we have
Therefore, as |Ã(0)| = 1 we have
Then integration leads to 
So we have

|Ã|
n ≥ ε 0 which contradicts, by the scaling invariance of the total curvature, the assumption
So we reject our assumption that R 0 > π 48 and conclude that
In this case, we have 1
It follows that, for |x| ≤ r we have That is
which is the conclusion.
Extension of
The following extendibility result will be used in the proof of Theorem 1.1 to conclude the limiting varifold of a sequence of smooth Hamiltonians stationary Lagrangian immersions is Hamiltonian stationary including singular points; there, in fact we will only need the special case that the singular set is of finitely many points. 
(iii) There exists a decreasing sequence ε i → 0 such that
Then the closure L of L is Hamiltonian stationary in Ω: L admits a generalized mean curva
Proof. Define the ε-neighborhood of the compact set N α by
is the ε-neighborhood of N. Since N is compact, we may assume U ε is contained in the open domain Ω by choosing ε small. For simplicity of notations, we will assume (iii) holds for 3ε i 's.
Step 1. Volume estimate of L ∩ U ε j .
For any fixed large j, let {B ε j (x α 1 ), ..., B ε j (x α ℓ(ε j ) )} be the maximal family of disjoint balls in Ω ⊂ R 2n centered at x α i ∈ N α of radius ε j . Compactness of N α ensures the number ℓ α (ε j ) well defined. The maximality assumption then implies
To estimate ℓ α (ε j ), summing the k α -dimensional Hausdorff measures over the disjoint balls and using the local k α -noncollapsing assumption (4.1), we have
Next, we claim
This can be seen from that for any point p ∈ U α ε j there is a point q ∈ N α with |p − q| ≤ ε j and q ∈ B 2ε j (x α i ) for some i, and it follows p ∈ B ε j (x α i ). Now by the assumptions (ii) and (iii),
Step 2. Existence of the generalized mean curvature H of L in Ω.
Let X be an arbitrary C 1 vector field on Ω with compact support. Our goal is to verify [Sim83, Definition 16.5]
Let φ ε j be a cut-off function satisfying
The existence of such φ ε j is given, for example, in Lemma 2.2 in [HP70] and is also due to Bochner [Bo56] . Then φ ε j X is a C 1 vector field which vanishes on U ε j /2 . By the standard first variation formula, we have
From the volume estimate (4.2),
By assumption, L\L ⊆ N and H k (N) < +∞ and k ≤ n − 2, we have
where H equals H on L and zero on L\L, so it is locally µ L -integrable on L, in turn H is the generalized mean curvature of L in Ω since X is arbitrary.
Step 3. L is Hamiltonian stationary in Ω.
Our goal is to show that
For any smooth function f with compact support in Ω, JD(φ ε j f ) is a Hamiltonian vector field on Ω with compact support, in particular it vanishes on U ε j /2 containing N. Applying (4.6) with X = J∇ f , we see
Since L is Hamiltonian stationary in Ω\N, we have
by Hölder's inequality, where C( f ) depends on f and
Similarly (4.10)
It then follows from the assumption (i), and the volume estimate (4.2) that both terms (4.9) and (4.10) vanish as ε j → 0. Combining with (4.8) we conclude (4.7).
The local k-noncollapsing property is automatically satisfied if N is a compact manifold of dimension no larger than n − 2. Proof. In light of Theorem 4.1, the only thing to verify is: L\L ⊆ N. For any y ∈ L\L, if y N then by compactness of N there will be a neighborhood W of y such that W ∩ N = ∅; then there exists a sequence y j ∈ W ∩ L → y. By properness of ι, it follows that ι −1 ({y j : j ∈ N}) contains a converging subsequence in M since ι −1 (W) is compact in M; then y is the image of the limit point which is in L, and we have a contradiction. 4.2. Volume estimate via the monotonicity formula. The following volume upper estimate is a direct consequence of the standard monotonicity formula for volumes. In particular, it implies that the assumption (iii) in Theorem 4.1 holds when N is a finite set of points (k = 0) and H ∈ L n when we take the Radon measure µ induced by H k (or an finite integral multiple of H k ). 
In particular when n ≥ 2, for any 0 ≤ k ≤ n − 2 it holds for small ρ
Proof. Recall the monotonicity formula [Sim83, 17.3 p. 84]
Integrating over (ρ, ρ 0 ),
In particular we have
and the term on the right hand side tends to zero as ρ → 0 when n > 2, as k ≤ n − 2 by assumption; however, when n = 2, this term becomes unbounded. For n = 2, k must be 0, and the desired result follows from [KS04, (A.6)] (cf. [Sim93] ): for any 0 < ρ < ρ 0 ,
Sequential convergence of Hamiltonian stationary Lagrangians
Convergence of a sequence of embedded manifolds in C k topology has been used in [CS85] and then in [And86] and recently in [Sh17] via local graphical representations of the manifolds. Along the same lines, we write down a definition of C k convergence of manifolds to a varifold that will be sufficient for our purposes. Proof of Theorem 1.1. The case n = 1 was discussed in the introduction. We now assume n ≥ 2. First, we claim that the manifolds L i remain in a bounded region in C n . Fixing an L i , by the Wiener Covering Lemma [KP08, Lemma 4.1.1], we may choose a finite collection of balls
In the first case, by Lemma 3.3, we have a uniform bound on the curvature on B 1/6 (x k ):
|A| ≤ 3π 2 .
Lemma 3.1 then guarantees that there is a fixed minimum radius
. It follows that the number of points x k for which (5.1) hold is bounded by
On the other hand, it is clear that
It follows that there are at most
+ C 2 ε 0 balls of radius 1 in this cover. Immediately we conclude (recall L i are connected):
to be a finite cover of B R 0 (0) by balls B r k (y k, j ) in R 2n , where r k = 2 −k ε 0 and ε 0 is the constant in Proposition 3.3, with the property that each point in B R 0 (0) is covered by at most b balls in C k and {B r k /2 (y k, j )} still covers B R 0 (0). This can be done with b independent of r k , y k, j , by Besicovitch's covering theorem (cf. [KP08, Theorem 4.2.1]). Now we observe 
we may choose a subsequence {L i } (here and in the sequel, we will use the same indices for subsequences for simplicity) such that J i k = J k for all i. We may then assume, by switching to a subsequence if necessary, the sequence y k,
we may select a subsequence K ⊂ N such that |K| = ∞ and J i k = J for all i and k ∈ K. By choosing yet another subsequence we further assume that x k, j → x j for each j = 1, ..., J as k ∈ K → ∞, and let S = {x 1 , ..., x J }, and S may be empty.
We assume there is no subsequence of {L i } that converges to a single point, otherwise we are done. We construct a sequence of nested open sets
and show that there is a subsequence {L i } that converges in C m in the sense of Definition 5.2, uniformly on each U l to a Hamiltonian stationary varifold.
Let τ 0 > 0 be smaller than the minimum distance between points in S and the minimum distance from points in S to ∂B R 0 and let τ l+1 = 3 −l τ 1 . For each l, choose k = k(l) ∈ K so that (y k, j ) is graphical over an n-plane in the Lagrangian Grassman, so using (5.10) we may choose a further subsequence such that each sequence of components remains graphical over a fixed Lagrangian n-plane. The bound (5.10) together with Proposition 3.2 gives uniform C m bounds for each graphing function for each positive integer m; by Arzelà-Ascoli theorem, the graphs converge uniformly to a limit. We therefore conclude that {L i ∩ U l } converges uniformly in C m to a varifold (or vacates U l completely) in the sense of Definition 5.2, and the limit is locally the sum of finitely many immersed submanifolds, possibly with multiplicity. Because every compact set K ⊂ B R 0 (0)\S must eventually be contained in some U l we see that {L i } converges uniformly on K. The C m convergence also implies that each of these limiting immersed submanifolds satisfies the Hamiltonian stationary equation (1.2), since by Proposition 2.5 each graph satisfies the (1.2). Now, take a diagonal sequence {L i } to get a sequence which converges on each open set U l in the C m topology to a varifold, or vacates every U l . By the definition of this limit, the n-varifolds must be nested. In particular, the limit will be nonempty unless a subsequence satisfies (as L i is connected) L i ⊂ B τ l (x j ) for arbitrary small τ l and some point x j ∈ S . We are assuming that {L i } does not converge to a point, so we conclude that the limit is a nonempty varifold on B R 0 (0)\S , and we call its support L.
So, the immersed submanifold L is Hamiltonian stationary and Lagrangian in B R 0 \S , because θ i is harmonic on each L i (y), moreover H L n (U l ) ≤ C for all l, so H ∈ L n B R 0 (0)\S from the smooth convergence. By Proposition 4.4 and Theorem 4.1 with k = 0 and noticing L\L ⊂ S , L is Hamiltonian stationary in R 2n . The argument above works when S is empty as well, in that case U 0 = U l = B R 0 (0). Finally, we show that L is connected. Suppose that L is disconnected. As L is closed and bounded, each component is compact, and there will be a smooth function ψ on B R 0 (0) such that L ⊂ ψ −1 (0) ∪ ψ −1 (1) with nontrivial intersection in both level sets. Now take a sequence of points p i ∈ L i such that p i → p ∈L ∩ ψ −1 (0) and q i ∈ L i such that q i → q ∈L ∩ ψ −1 (1) . There is a path
as L i is connected. For all values σ ∈ [0, 1] there will a value t i (s) such that ψ(γ i (t i )) = σ. In particular, for each σ ∈ [ ], there is a sequence of points z i (σ) ∈ L i with ψ(z i ) = σ. There are clearly infinitely many sequences converging to different limit points (the continuous function ψ distinguishes the limit points), thus for some value σ we can choose a limit point z i → z with
